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Abstract.  There are con’icting reports over whether multiple indepen-
dent runs of genetic algorithms (GAs) with small populations can reach
solutions of higher quality or can 'nd acceptable solutions faster than
a single run with a large population. This paper investigates this ques-
tion analytically using two approaches. First, the analysis assumesthat
there is a certain xed amount of computational resourcesavailable, and
identi es the conditions under which it is advantageousto use multiple
small runs. The secondapproach does not constrain the total cost and
examines whether multiple properly-sized independert runs can reach
the optimal solution faster than a single run. Although this paper is lim-
ited to additiv ely-separable functions, it may be applicable to the larger
classof nearly decomposablefunctions of interest to many GA users.The
results suggestthat, in most casesunder the constant cost constraint, a
single run with the largest population possible reaches a better solution
than multiple independert runs. Similarly, a single large run reachesthe
global faster than multiple small runs. The ndings are validated with
experiments on functions of varying dizcult y.

1 Intro duction

Supposethat we are given a xed number of function ewaluations to solve a
particular problem with a genetic algorithm (GA). How should we use these
evaluations to maximize the expected quality of the solution? One possibility
would be to useall the evaluations in a single run of the GA with the largest
population possible. This approach seemsplausible, becauseit is well known
that, in general,the solution quality improveswith larger populations. Alterna-
tiv ely, we could usea smaller population and run the GA multiple times, keeping
the best solution found by the di®erent runs. Although the quality per run is
expectedto decreasewe would have more chancesof reaching a good solution.
This paper examinesthe tradeo®betweenincreasingthe likelihood of success
of a single run vs. using more trials to reac the goal. The rst objective is to



determine what con guration reachessolutions with the highest quality. The pa-
per also examinesthe question of single vs. multiple runs removing the constart
cost constraint. The objective in this caseis to determine what con guration
reachesthe solution faster.

It would be desirableto nd that multiple runs are advantageous, because
they could be executed concurrertly on di®erent processors.Multiple indepen-
dert runs are a special caseof island-model parallel GAs, and have beenstudied
in that context beforewith con’icting and corntroversial results [1{5]. Somere-
sults suggestthat multiple runs can reac solutions of similar or better quality
than a singlerun in a shorter time, which implies that superlinear speedupsare
possible.

Most of the previous work on this topic has beenexperimental, which makes
it dizcult to identify the problem characteristics that give an advantage to
multiple runs. Instead of trying to analyze experimental results from a set of
arbitrarily-c hosen problems, we use simple mathematical models and consider
only additiv ely separablefunctions. The paper clearly shavs when one approac
can be superior, and revealsthat, for the functions considered,multiple runs are
preferable only in conditions of limited practical value.

The paper also considersthe extreme casewhen multiple runs with a single
individuallwhic h are equivalent to random seard|are better in terms of ex-
pected solution quality than a single GA. Although it is known than in some
problems random seard must be better than GAs [6], it is not clear on what
problems this occurs. This paper shedssomelight on this topic.

The next section summarizesrelated work on this area. The gambler's ruin
(GR) model [7]is summarizedin section3 and extendedto multiple independert
runs in section 4. Section 5 preseris experiments that validate the accuracy of
the models. Section 6 lifts the total cost constraint and discusseanultiple short
runs. Finally, section 7 presers a summary and the conclusions.

2 Related Work

Since multiple runs can be executedin parallel, they have been consideredby
researtiersworking with parallel GAs. Taneseg[1] found that, in someproblems,
the bestoverall solution found in any generationby multiple isolated populations
was at least as good as the solution found by a single run. Similarly, multiple
populations shoved an advantage when shecomparedthe bestindividual in the
“nal generation. However, when shecomparedthe averagepopulation quality at
the end of the experimerts, the single runs seemedbene cial.

Other studies also suggestthat multiple isolated runs can be advantageous.
For example, Shonkwiler [2] useda Markov chain model to argue that multiple
small independert GAs can read the global solution using fewer function eval-
uations than a single GA. He suggestedthat superlinear parallel speedupsare
possibleif the populations are executedconcurrertly on a parallel computer.

Nakano, Davidor, and Yamada [8] proved that, under the "xed cost con-
straint, there is an optimal population size and corresponding run court that



maximizesthe chancesof reaching a solution of certain quality, if the single-run
succesgprobability increaseswith larger populations until it readhesa saturation
point (lessthan 1). The method usedin the current paper can be usedto nd
this optimum, but a numerical optimization would be required, becausee®orts
to characterize the optimal con guration in closedform have beenunsuccessful.

Cantf]-Paz and Goldberg [3] comparedmultiple isolated runs against a single
run that reachesa solution of the sameexpectedquality. They determinedthat|
even without a "xed time constraintjthe savings on execution time seemed
marginal when comparedagainst a single GA, and recommendedagainst using
isolated runs. The "ndings in the preseri paper, howewer, showv that with the
cost constraint there are somecaseswhere multiple runs are advantageous.

Recerily, Fuchs [4] and Fern§indezet al. [5] studied empirically multiple iso-
lated runs of genetic programming. They found that in somecasest is advanta-
geousto usemultiple small runs. Luke [9] studied the tradeo®betweenexecuting
a singlerun for many generationsor using multiple shorter runsto nd solutions
of higher quality givena xed amourt of time. In two out of three problems, his
experiments showed that multiple short runs were preferable.

There have beense\eral attempts to characterizethe problemsin which GAs
perform better than other methods [10,11]. However, without relating the per-
formance of the algorithms to properties of the problemsit is ditcult to make
predictions and recommendationsfor unseenproblems, even if they belong to
the sameclass. This paper identi es caseswhere random seard reaces better
solutions basedon properties that describe the ditcult y of the problems.

3 The Gambler's Ruin Mo del

It is commonin GAs to encade the variables of the problem using a "nite alpha-
bet §. A schemalis a string over 8 [ fag that represerts the set of individuals
that have a 'xed symbol F 2 § in exactly the same positions as the schema.
The misa\don't care" symbol that matchesanything. For example,in a domain
that uses10-bit binary strings, the individuals that start with 1 and havea 0 in
the secondposition are represerted by the shema l0ocooooon,

The number k of xed positionsin a schemais its order. Low-order highly- t
sthemata are sometimescalled building blocks (BBs) [12]. Following Harik et
al. [7], we refer to the lowest-order schemathat consisterily leadsto the global
optimum as the correct BB. In this view, the correct BB must (1) match the
global optimum and (2) have the highest average tness of all the schemata in
the samepartition. All other schemata in the partition are labeled as incorrect.

Harik, Cantf]-Paz, Goldberg, and Miller [7] modeled selectionin GAs as a
biased random walk. The number of copiesof the correct BB in a population
of sizen is represented by the position, x, of a particle on a one-dimensional
space.Absorbing barriers at x = 0 and X = n bound the space,and represen
ultimate corvergenceto the wrong and to the right solutions, respectively. The
initial position of the particle, Xq, is the number of copiesof the correct BB in
the initial population.



At ead step of the random walk there is a probability, p, of obtaining one
additional copy of the correct BB. This probability dependson the problem that
the GA isfacing, and Goldberg et al. [13] showved how to calculateit for functions
composed of m uniformly-scaled subfunctions. The probability that a particle
will evertually be captured by the absorbing barrier at x = n is [14]
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whereq= 1 p. Therefore, the expected probability of succesds
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where Pg(Xp) = xo AF 1i z is the probability of having exactly

Xo correct BBs in the initial population, and A = j§ j is the cardinality of § .
The GR model makes sewral assumptions, but it has been shavn that it
accurately predicts the solution quality of arti cial and real-world problems|[7,
15]. For details, the readeris referredto the paper by Harik et al. [7], but oneas-
sumption a®ectsthe experimerts in this paper: Having absorbingwalls bounding
the random walk implicitly assumesthat mutation and crosswer do not create
or destroy BBs. The only sourceof BBs is the random initialization of the pop-
ulation. This is why the experiments described belon do not use mutation.

4 Multiple Small Runs

We measurethe quality, Q, of the solution as the number of partitions that

convergeto the correct BBs. The probability that one partition cornvergescor-
rectly is given by the GR model, Ps(n) (Equation 2). For corvenience,we use
P1 = Ps(n;) to denotethe probability that a partition corvergescorrectly in one
run with population sizen; and P, = Pg(n,) for the probability that a partition

convergescorrectly in one of the multiple runs with a population sizen, .

4.1 Solution Qualit y

Under the assumption that the m partitions are independert, the quality has
a binomial distribution with parametersm and Ps(n). Therefore, the expected
solution quality of a single run is E(Q) = mPs(n). Of course, someruns will
reach better solutions than others, and when we use multiple runs we consider
that the problem is solved when one of them nds a solution of the desired
quality. Let Q.. denotethe quality of the best solution found by r runs of size
n,. We are interested in its expected value, which can be calculated as [16]

i 1
E(Qry) = 1 F'(x); Q)

x=0



where F(x) = P(Q - x) = P =0 'T¢Pri (1 P)™il is the cumulative distri-
bution function of the solution quality. Unfortunately, there is no closed-form
expressionfor the meansof maximal order statistics of binomial distributions.
Howewer, there are approximations for the extreme order statistics of the Gaus-
sian distribution, and we can usethem to make someprogressin our analysis.
We can approximate the binomial distribution of the quality with a Gaussian,
and normalize the number of correct partitions by subtracting the meanand di-

viding by the standard deviation: Z,., = p%. Let1,., = E(Z,.) denote
r 1 r

the expected value of Z,.,. We can approximate the expected value of the best
quality in r runs as

O
E(Qri) YamPr + 1y mP (1§ Pr): 4)

If there are no restrictions on the total cost, adding more runs to an experiment
resultsin ahigherqualgy The problemisthat t ;.. increasesvery slowvly asmore
runs are used:1,., Y4 2Inr. Therefore, the increasein quality is marginal,
and multiple isolated runs seemunappealing [20].

However, the situation may be di®erert if the total costis constrained. Equa-
tion 4 shows an interesting tradeo®:1* ., grows asr increasesbut P, decreases
becausdhe population sizeper run must decreasdo keepthe costconstart. Mul-
tiple runs would perform better than a single oneif the quality degradationis not
too pronounced. In fact, the tradeo® suggeststhat there is an optimal number
of runs and population sizethat maximize the expected quality. Unfortunately,
we cannot obtain a closed-formexpressionfor these optimal parameters.

The quality reached by multiple runs is better than onerun if

ml:)r + 1r:r3/4 > mPl; (5)

where 3% = P mP, (1i P;). We can bound the standard deviation as % =
0:5 m to obtain an upper bound on the quality of the multiple runs. Substituting
this bound into the inequality above, dividing by m, and rearranging we obtain

1
5%> Pii P;: (6)

This equation shows that multiple runs are more likely to be bene cial on short
problems (small m), everything elsebeing equal. This is bad newsfor the case
of multiple runs, becauseinteresting problemsin practice may be very long.

The equation above also shows that multiple runs can be advantageousif the
di®erencebetweenthe solution qualities is small. This may happen at very small
population sizeswhere the quality is very poor, even for a single run. This case
is not very interesting, becausenormally we want to 'nd high-quality solutions.
However, the di®erenceis also small when the quality does not improve much
after a critical population size.This is the casethat Nakano et al. [8] examined,
and represers an interesting possibility where multiple runs can be bene cial.
The optimum population sizeis probably nearthe point wherethere is no further
improvemert: Using a larger population would be a waste of resources,which
would be better usedin multiple runs to increasethe chance of success.



4.2 Mo dels of Convergence Time

We can write the xed number of function evaluations that are available as
T=rgny; (7

where g is the domain-dependen number of generationsuntil the population
convergesto a unique value, r is the number of independert runs, and n; is the
population sizeof eat run. GAs are often stopped after a xed number of gener-
ations, with the assumptionthat they have corvergedby then. In the remainder
we assumethat the generationsuntil convergenceare constart. Therefore, to
maintain a xed total cost,the population sizeof eat of the multiple runs must
ben, = ni=r, wheren; denotesthe population sizethat a single run would use.

Assuming that g is constart may be an oversimpli cation, sinceit has been
shown that the corvergencetime dependson factors such asthe population size
and the selectionintensity, | . For example, under someconditions, the genera-
tions until corvergenceare givenby g va %‘,—” [17]. In general,if the generations
until convergenceare given by the power-law model g = -n *; the population size
of eah of the multiple runs would have to be n, = n;=r'=("*1) to keepthe total
cost constart (e.g., in the previous equation, u= 1=2 and n, would be ny=r?=3).
This form of n, would give an advantage to the multiple runs, becausetheir
sizes(and the quality of their solutions) would not decreaseas much aswith the
constart g assumption, so this assumptionis a consenative one.

4.3 Random Search

Using all the available computation time in one run with a large population
is clearly one extreme. The other extreme are multiple runs with the smallest
population, which is one individual. The latter caseis equivalert to random
seart, becausethere is no ewlution possible (we are assumingno mutation).
The models above account for the two extreme casesWhen the population size
isone, P, = AlT, becauseonly oneterm in equation 2 is di®erern from zero. The
quality of the best solution found by r runs of size one can be calculated with
equation 3.3

To identify when random seard can outperform a GA, we calculated the
expected solution quality using equation 3 varying the order of the BBs, k, and
the number of runs. The next section will de ne the functions used in these
calculations; for now we only needto know that k varied. Figure 1 shows the
ratio of the quality obtained by random seard over the quality found by a
simple GA with a population sizeof n; = r. Valuesover 1 indicate that multiple
runs perform better. The gure shaows that random seard has an advantage as
the problems becomeharder (with longer BBs). However, this peculiar behavior
occursonly at extremely low population sizes,wherethe solution quality is solow

3 Taking Q;:r = m[1j (1j f\lk—)r] may seemtempting, but it greatly overestimatesthe
true quality. This calculation implicitly assumesthat the nal solution is formed by
correct BBs that may have beenobtained in di®erert runs.



() Theory (b) Experiments

Fig. 1. Ratio of the quality of multiple runs of size1 (random seard) vs. a single run
varying the order of the BBs and the number of runs.

that it is of no practical importance. When we increasethe population size (and
the number of random seard trials), the GA movesaheadof random seard.

These results suggestthat superlinear speedupscan be obtained if random
trials are executedin parallel and the simple GA is usedasthe basecase.Inter-
estingly, Shonkwiler [2] used very small population sizes(¥% 2 individuals) and
at least two of his functions are easily solvable by random seard.

5 Experiments

The GA in the experiments usedpairwise tournament selectionwithout replace-
mernt, one-point crosswer with probability 1, and no mutation. All the results
preseried in this section are the averageof 200 trials.

The rst function is the one-max function with a length of m = 25 bits.
We varied the population sizen, from 2 to 50 individuals. For ead population
size,we varied the number of runs from 1 to 8 and recordedthe quality of the
best solution found in any of the runs, Q... Figure 2 shows the ratio of Q; .,
over the quality Q; that a GA with a population sizen; = rn, reaced. The
experiments match the predictions well, and in all casesthe larger single runs
readhed solutions of better quality than the multiple smaller runs.

To illustrate that multiple runs are more bene cial when m is small, we
conducted experimerts varying the length of the problem to m = 100and m =
400 bits. The population size per run was xed at n, = 10, and the number of
runs varied from 1 to 8. The resultsin "gure 3 clearly show that asthe problems
becomelonger, the singlelarge runs 'nd better solutions than the multiple runs.



(a) Theory (b) Experiments

Fig. 2. Ratio of the quality of multiple runs vs. a single run for the one-max with
m = 25 bits.
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Fig. 3. Ratio of the quality of multiple runs vs. a single run varying the problem size.

The next two test functions are formed by adding fully-deceptive trap func-
tions [18]. The orderk traps are de ned as

(
() kiujl ifu<k;

fecW) =y it u=k: ®)

Two deceptive test function were formed by concatenatingm = 25 copiesof

£ andf ). Figures 4 and 5 show the ratio Q. =Q;, varying the run sizefrom
2 to 100individuals and the number of runs from oneto eight. The experimental
results are very closeto the predictions, exceptwith very small population sizes,
where the GR model is inaccurate. In most cases,the ratio is lessthan one,
indicating that a single large run reaches a solution with better quality than
multiple small runs. The exceptionsoccur at very small population sizes,where

even random seard performs better.



(a) Theory (b) Experiments

Fig. 4. Ratio of the quality of multiple runs vs. a single run for the order-3 trap.

We performed experiments to validate the results about random seard. Fig-
ure 1b shows the ratio of the quality of the solutions found by the best of r
random trials and the solution obtained by a GA with a population size of r.
For eadh value of k from 3 to 8, the test functions were formed by concatenating
m = 25order-k trap functions. The experiments shav the samegeneraltendency
asthe predictions (‘gure 1a).

6 Multiple Short Runs

Until now we have examined the solution quality under the constart cost con-
straint and after the population convergesto a unique solution. However, in
practice it is commonto stop a GA run assoon asit nds a solution that meets
somequality criterion. The framework intro ducedin this paper could be applied
to this type of experiment, if we had a model that predicted the solution quality
as a function of time: Pg(n;t). In any generation (or any other suitable time
step), the expected solution quality in one run would be mPg(n;t), but again
we would be interested in the expected value of the best solution in the r runs,
which can be found by substituting the appropriate distribution in equation 3.

There are existing models of quality as a function of time, but they assume
that the population is sizedsuch that the GA will reac the global solution and
that reconbination of BBs is perfect[17]. If we adopt theseassumptions,we could
usethe existing models, but we would not be able to reducethe population size
to respect the constraint of xed cost. Méhlenbein and Sclierkamp-Voosen[17]
derived the following expressionfor the one-max function:

" T

Pi(nit)= 5 1+ sin(R=1) ; ©)

1
2
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Fig. 5. Ratio of the quality of multiple runs vs. a single run for the order-4 trap.

and Miller and Goldberg [19] used it successfullyto predict the quality of de-
ceptive functions. If we abandonthe cost constraint, we can show that the best
of multiple runs of the same size (that is at least large enough to reac the
global optimum) readchesthe solution in fewer generationsthan a single run of
the samesize. This argument has beenusedin the past to support the use of
multiple parallel runs [2].

Figure 6 shows the ratio of the number of generationsuntil convergence(to
the global) of multiple runs over the number of generations of convergenceof
a single run. The "gure shaws that the time decreasesas more runs are used,
and the advantage is more pronounced for shorter problems. If ead run was
executedconcurrertly on a di®eren processorof a parallel machine, the elapsed
time to reach the solution would be reduced(assumingthat the costto determine
convergenceby any run is negligible, which may not be the case).Howeer, this
schemeo®ersa relatively small advantage, and it is probably not the best use of
multiple processorssincewe canobtain almostlinear speedupsin other ways [20].

7 Summary and Conclusions

There are con®icting reports of the advantage of using one or multiple indepen-
dert runs. This problem has consequencesn parallel GAs with isolated popu-
lations and alsoto determine when random seard can outperform a GA. This
paper preserted an analytical study that consideredadditiv ely-separablefunc-
tions. Under a constraint of xed costand assumingno mutation, the analysis
showed that the expected quality of the solution reached by multiple indepen-
dent small runs is higher than the quality reached by a single large run only in
very limited conditions. In particular, multiple runs seemadvantageousat very
small population sizes,which result in solutions of poor quality, and closeto a
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Fig. 6. Ratio of the generations until convergence of multiple over single runs. The
total cost is not constant.

saturation point where the solution quality doesnot improve with increasingly
larger populations. In addition, the greatest advantage of multiple independert
runs is on short problems, and the advantage tends to decreasewith higher BB
order. The results suggestthat for ditcult problems (long and with high-order
BBs), the best alternative is to use a single run with the largest population
possible.Small independert runs should be avoided.
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